Abstract: A common assumption in quantum field theory is that the energy-momentum 4-vector of any quantum state must be time-like. It will be proven that this is not the case for a DiracMaxwell field. In this case quantum states can be shown to exist whose energy-momentum is space-like.
Introduction
A common assumption in quantum field theory is that the energy-momentum 4-vector of quantum states must be time-like. (See, for example, page 58 of Haag [1] , Section 8.1 of Nishijima [2] , and Section 10.7 of Weinberg [3] ). While this is certainly the case for noninteracting (free) fields we will show that this is not necessarily the case for interacting fields. In this discussion we will examine a Dirac-Maxwell field. For this case it will be shown that there exist quantum states with space-like energy momentum.
LetĤ be the Hamiltonian operator andˆ P the momentum operator. The energy expectation value of a normalized state vector |Ω is Ω|Ĥ |Ω and the momentum expectation value is Ω|ˆ P |Ω . The energy-momentum of the state |Ω is then,
If G ≥ 0 the energy-momentum is said to be time-like. If G < 0 the energy-momentum * E-mail: dan.solomon@rauland.com is space-like. As stated above, G is generally assumed to greater than or equal to zero (i.e. time-like) for all possible states. It is this assumption that will be challenged in this paper. Define the operator,F =Ĥ −ˆ P · e 1 (2) where e 1 is a unit vector in the x 1 -direction. Let |Ω be a normalized state vector. If the energy-momentum of all states is time-like then the following condition must hold,
To show that the above relationship is necessary for the energy-momentum to be time-like consider what would happen if there existed a state |Ω for which the above relationship did not hold, i.e. Ω |F |Ω was negative. In this case we obtain,
Since we assume that the energy of any state is positive with respect to the vacuum state, so that Ω |Ĥ |Ω ≥ 0, we can use the above to obtain,
where we have used the fact that Ω |ˆ P |Ω 2 ≥ Ω |ˆ P · e 1 |Ω 2 to obtain the second inequality. Obviously, then, G (|Ω ) is negative if Ω |F |Ω is negative. Therefore if the energy-momentum is time-like then the condition given in (3) must be valid. It will be shown in the following discussion that quantum states must exist where the condition given in (3) does not hold which means that there are states for which the energy-momentum is space-like.
Energy-Momentum of Dirac-Maxwell system
Let the operator for the energy-momentum tensor be represented byθ μν ( x). The Hamiltonian operator is then given by,Ĥ
whereθ 00 ( x) is the operator for the energy density. The momentum operator is given by,
whereθ i0 ( x) is the operator for the momentum density in the i-th direction. It is shown in Appendix 1 that the Hamiltonian operatorĤof the combined DiracMaxwell system in the coulomb gauge is given bŷ
where,Ĥ
and whereˆ
In the aboveψ is the Dirac field operator, α and β are the usual 4 × 4 matrices,ˆ J is the current operator,ρ is the charge operator,ˆ A is the operator for the vector potential, E ⊥ is the transverse electric field operator,ˆ B is the magnetic field operator, and ε R is a renormalization constant so that the energy of the vacuum state is zero. Natural units are used so thath = c = 1. Also the Schrödinger picture is assumed so that field operators are dependent on space. The time dependence is carried by the state vector. The momentum operator of the Dirac-Maxwell field is shown in Appendix 1 to be,
where,
For the coulomb gauge the commutator relationships are given by Ryder [4] as
and
In addition, the Maxwell field operatorsˆ E ⊥ ( x) andˆ A ( x) commute with the Dirac field operatorsψ † andψ.
Now given a normalized state vector |Ω we can always define another state vector by acting on |Ω with a function of the field operators [3] . Therefore we can define the state vector |Ω by the expression
where operatorsĈ 1 andĈ 2 are defined bŷ
and where A cl ( x) and E cl ( x) are real-valued vector functions whose divergence is zero, i.e.,
From the above expressions it shown in Appendix 2 that
Next we will use the Baker-Campell-Hausdorff relationships [5] which state that,
whereÔ 1 andÔ 2 are operators. Use these relationships and the fact that ˆ A ( x) ,Ĉ 1 is a c-number so that it commutes withĈ 1 to obtain,
Similarly
Also
Since these quantities are functions of Dirac field operators they commute withĈ 1 andĈ 2 . Therefore we have,
3 Space-like energy-momentum
In the previous section we developed a number of expressions that will be useful in evaluating the momentum and energy of the state |Ω as defined in (19). First determine the momentum Ω |ˆ P ˆ A,ˆ E ⊥ |Ω where we writeˆ P ˆ A,ˆ E ⊥ to explicitly show the dependence of the operatorˆ P on the operatorsˆ A andˆ E ⊥ . From (19), (14) through (16), and (26) through (30) we obtain
Use (31) along with (14) through (16) to obtain,
where
This yields
where we have defined the expectation values,
Next calculate the energy of the state |Ω . Based on the previous discussion this is given by
Therefore, we obtain
where the current expectation value J e is defined by
Eq. (37) can be written as,
Similarly (34) can be expressed as,
Use (42), (39), and (2) to obtain
At this point we want to try to find an A cl and E cl which makes Ω |F |Ω negative. One possible solution is,
where 'f' is a positive constant and g (x 1 ) is an arbitrary function that is dependent only on the x 1 coordinate. This solution obviously satisfies (22). From this we obtain,
cl be the i-th component of B cl . From the above it is evident that
cl .
Use these results to obtain,
Use this in (46) to obtain F cl = 0. We can also show that.
and,
e + B 
From this we obtain (η − ω · e 1 ) = 0
Use these results in (45) to obtain,
Now assume that we have chosen the state |Ω so that
Now how do we know that a state |Ω exists where this is true? Recall that g (x 1 ) is an arbitrary function. If our theory is a correct model of the real world then states must exist where this condition holds for some g (x 1 ) because the above relationship obviously can be true in classical physics which is often a very close approximation to the real world.
The constant f does not appear in the expression Ω|F |Ω . Therefore, given (54), we can always find an f where Ω |F |Ω < 0
which means that the energy-momentum of the state |Ω is space-like.
The boundary conditions
Now there is a possible problem with the electric potential of (47) involving the boundary conditions at infinity. We can always specify the function g (x 1 ) so that A cl and E cl go to zero as x 1 → ±∞. However A cl and E cl are dependent only on the coordinate x 1 so they will not go to zero as x 2 or x 3 → ±∞. In order to deal with this objection we will rework the problem for the case where A cl and E cl go to zero at infinity in all directions. To do this specify A cl as follows,
and 'a' is a positive constant, 'f' is a constant, and g ( From the above we obtain,
Next specify E cl as follows,
cl , 0
where B
cl is obtained by referring to (58) and E (1) cl is given by,
Note that A cl and E cl satisfy (22) and go to zero at infinity. Use the above in (46) to show that ,
Also using the above in (40) and (43) to obtain,
In order to evaluate these relationships use the following,
Now we will evaluate (61) in the limit a → 0. In this case it can be shown that,
Since h is arbitrary we assume we specify an h where R is finite. Now let us examine the situation so far. Consider the volume of space V L (a) specified by |x 2 | ≤ L and |x 3 | ≤ L where L = 1 a (1/4) . We can see that in this region the Gaussian function r (x 2 , x 3 ) 1 if 'a' is small. Therefore, as a → 0, the expressions for A cl , B cl , and E cl in the region V L (a) are essentially the same as in Section 3. However there is important difference between these results and those of the previous section which is that in this case F cl is not zero. This can be thought of as an effect of imposing the boundary condition that the various quantities must go to zero at infinity. This complicates the discussion somewhat. In order to proceed we will use the fact that as 'a' becomes smaller the volume V L (a) increases while F cl remains constant. Therefore we want to consider an example where the increasing volume effect overwhelms the constant boundary effect.
In order to do this we will make reasonable assumptions concerning the expectation values θ μν e = Ω|θ μν |Ω , J e , B e , and E e of the quantum state |Ω . The main assumption is a reasonable correspondence between quantum mechanics and classical physics in situations where classical physics applies. That is, although we believe that quantum mechanics provides the correct mathematical description of the physical world there are many situations where the classical physics can describe a system to a high degree of accuracy. Due to the fact that the actual correct mathematical description is based on quantum mechanics there must be a correspondence between the quantum mechanical state vector and the observables of the classical system. This is done at the level of expectation values. For example if the magnetic field in the classical system has the value B ( x) and if |Ω is the quantum state that gives the quantum mechanical description of this system then B e ( x) = Ω|ˆ B ( x) |Ω B ( x). Similar relationships hold for the other observables.
Now if we examine (45) we can see that all we care about at this point are the expectation values associated with the state vector |Ω . The actual form of the state vector is not needed. Therefore statements that we can make about the observables of a classical system can be expected to apply to the expectation values of the quantum system. Now consider a classical system that is confined to a finite volume V 1 . That is all the parts of the system including the electromagnetic field, current and charge density, and the energy density and momentum density are non-zero within the volume V 1 and are zero or approach zero very rapidly outside V 1 . Now consider another volume V 2 that is separated from V 1 by a very large distance. Let another classical system be confined volume V 2 . In fact we can assume that the system within V 2 is identical to that within V 1 . In this case the total energy and momentum of the total system is just twice the energy and momentum of each separate system. We can of course add additional systems in separate and isolated volumes of space. The total energy-momentum is the sum of the energy-momentum of the separate systems. Let us designate these volumes by V n where n = 1 to N. Further more we assume that all the V n are within the volume V L (a).
To sum up we consider a classical system consisting of N identical systems each confined to a volume V n . Each of the subsystems has a energy-momentum, current, charge, and electromagnetic field that is confined to V n . Now consider the quantum state |Ω that corresponds to this classical system. Let O e ( x) refer to any one of the expectation values θ μν e , J e , ρ e , B e , and E e of the quantum state |Ω . The O e ( x) must be very close in value to the observables of the classical system. Therefore we assume that the O e ( x) take on non-zero values only in the sufficiently separate volumes V n where n = 1 to N. In this case (45) becomes,
The subscript V n under the integral sign means that the integration is over the volume V n . Now we assume that all the V n are within the region V L (a). This is always possible because as a → 0 V L (a) becomes arbitrarily large. This allows us to easily evaluate η (V n ) − ω (V n ) · e 1 . By examining (62) through (65) it is evident that the integrand in (62) is proportional to 'a' in the limit that a → 0. Since the volume V n is finite η (V n )− ω (V n )· e 1 is proportional 'a' and therefore will approach zero as a → 0. Therefore the term η (V n ) − ω (V n ) · e 1 can be eliminated from the expression for S n to obtain,
We can rewrite this as,
where A cl = A cl f . Referring to (56) we can see that A cl is independent of f. Also F e (V n ) is independent of f. Therefore if Vn J e · A cl d x is non-zero we can always make f large enough so that S n < 0. Refer to (68) and use the fact that the S n are all identical and negative to obtain,
Use (66) in the above to obtain,
At this point it is not clear if the above quantity can be made negative. To show that it can be we will examine the dependence of the terms on the right hand side of the equation on 'a' as a → 0. The first term is obviously independent of 'a' as is S n . Now consider N. N is the number of sub volumes V n that can fit in V L (a). It is obviously proportional to the size of V L (a). From the definition of V L (a) this yields N ∼ 1/ √ a. Therefore as a → 0 N can be made arbitrarily large so that Ω |F |Ω will be negative.
In conclusion, we have examined the commonly held assumption that the energymomentum 4-vector of any quantum state must be time-like. We have considered the case of the Dirac-Maxwell field and have shown that there must exist quantum states for which the energy-momentum must be space-like. Use this in (A1-2) to obtain (14) in the text.
Appendix 2
From the definition ofĈ 1
Use (17) in the above to obtain 
